Let c be a proper k-coloring of a connected graph G and Π = (C 1 , C 2 , . . . , C k ) be an ordered partition of V (G) into the resulting color classes. For a vertex v of G, the color code of v with respect to Π is defined to be the ordered k-tuple c In this paper, we study the locating chromatic number of Kneser graphs. First, among some other results, we show that χ L (KG(n, 2)) = n − 1 for all n ≥ 5. Then, we prove that χ L (KG(n, k)) ≤ n − 1, when n ≥ k 2 . Moreover, we present some bounds for the locating chromatic number of odd graphs.
Introduction
Let G be a graph without loops and multiple edges with vertex set V (G) and edge set E(G). A proper k-coloring of G is a function c defined from V (G) onto a set of colors C = {1, 2, . . . , k} such that every two adjacent vertices have different colors. In fact, for every i, 1 ≤ i ≤ k, the set c −1 (i) is a nonempty independent set of vertices which is called the color class i. The minimum cardinality k for which G has a proper k-coloring is the chromatic number of G, denoted by χ (G).
For a connected graph G, the distance d(u, v) between two vertices u and v in G is the length of a shortest path between them, and for a subset S of V (G), the distance between u and S is given by d(u, S) := min{d(u, x) | x ∈ S}. A set W ⊆ V (G) is called a resolving set, if for each two distinct vertices u, v ∈ V (G) there exists w ∈ W such that d(u, w) ̸ = d(v, w), see [9, 16] . A resolving set with the minimum cardinality is called a metric basis and its cardinality is called the metric dimension of G, denoted by dim M (G).
Definition 1 ([2]
). Let c be a proper k-coloring of a connected graph G and Π = (C 1 , C 2 , . . . , C k ) be an ordered partition of V (G) into the resulting color classes. For a vertex v of G, the color code of v with respect to Π is defined to be the ordered
. . , d(v, C k )).
If distinct vertices of G have distinct color codes, then c is called a locating coloring of G. The locating chromatic number, χ L (G), is the minimum number of colors in a locating coloring of G.
The concept of locating coloring was first introduced by Chartrand et al. in [2] and studied further in [1, 3] . This concept has been called with the other names such as resolving coloring and independent resolving partition, see [13] . Note that, since every locating coloring is a proper coloring, χ (G) ≤ χ L (G). For more results on the subject and related subjects, one can see [1] [2] [3] [4] [5] [6] 13, 14] .
We have the following two theorems for the relation between the locating chromatic number of a graph with its diameter, metric dimension and chromatic number. , k) is a matching and the smallest positive integer n for which KG(n, k) is connected, is n = 2k + 1. Kneser graphs KG(2k + 1, k), k ≥ 3, are known as the odd graphs. The distance between two vertices in Kneser graph and the diameter of this graph are investigated in [18] . We summarize these results in the following theorem.
Theorem A ([2]). If G is a connected graph with diameter d and locating chromatic number l, then |V
(G)| ≤ ld l−1 .
Theorem B ([2]). For each connected graph G with at least three vertices
Moreover, the diameter of KG(n, k) is
Kneser graphs have many interesting properties and have been the subject of many researches. It was conjectured by Kneser in 1955 [11] and proved by Lovász in 1978 [12] that χ (KG(n, k)) = n − 2k + 2. Since then, several types of colorings of Kneser graphs have been considered. For example, the circular chromatic number, the b-chromatic number and the multichromatic number of Kneser graphs were investigated in [8, 10, 17] , respectively. In this paper, we study the locating chromatic number of Kneser graphs. In the next section, among some other results,
For the case k = 3, we show that this inequality holds for every positive integer n ≥ 7. In the last section, we provide a lower bound for the locating chromatic number, an upper bound for the metric dimension and accordingly for the locating chromatic number of odd graphs. Through the paper, for convenience, we denote the vertex {i 1 
The locating chromatic number of KG(n, 2)
If A is an independent set in KG(n, 2), then either all vertices in A have a common element of [n], say a, or A = {ab, ac, bc} for some a, b, c ∈ [n]. Since each vertex ij in KG(n, 2) corresponds to the edge ij in K n , an independent set in KG(n, 2) corresponds to a star subgraph or a triangle subgraph in the complete graph K n . From now on, we call an independent set in KG(n, 2) of the first form starlike with center a, and of the second form triangular. Since every proper coloring is a partition of vertices into independent sets, it is easy to see that every proper coloring of the Kneser graph KG(n, 2) is equivalent to an edge decomposition of the complete graph K n into star and triangle subgraphs.
In order to study the locating chromatic number of KG(n, 2), we need the following theorem. A biclique partition of a graph G is a partition of the edge set of G into complete bipartite graphs. Since a single edge can form a biclique, every graph has a biclique partition. The biclique partition number bp(G) of G is the smallest number of bicliques that partition G. Since the complete graph K n can be partitioned into n − 1 stars, bp(K n ) ≤ n − 1. In fact, we have the following famous theorem.
Theorem D ([7]
). The biclique partition number of the complete graph K n is n − 1.
Consider the Kneser graph
which contain i as the smallest element. The remaining k-subsets are contained in the set {d + 2, d + 3, . . . , d + 2k}, which has only 2k − 1 elements. Hence, they all intersect (are non adjacent). Thus, we can use color d + 2 for all of them.
For the case k = 2, χ (KG(n, 2)) = n − 2 and the latter color class in the above proper coloring is of triangular form. In this section, we first show that all proper (n − 2)-colorings of KG(n, 2) are similar to the proper coloring given above. Next, we determine the exact value of the locating chromatic number of KG(n, 2). 
Proof. We will prove the theorem by induction on n. Let n = 5 and consider a proper 3-coloring of KG(n, 2) with color classes Now, let n ≥ 6 and suppose that c is a proper (n − 2)-coloring of KG(n, 2). Equivalently, we have an edge decomposition of the complete graph K n into stars and triangles. Similar to the one above, by Theorem D, we have at least one triangular color class, say F n−2 = {n(n − 1), n(n − 2), (n − 1)(n − 2)}. Let
Note that, each X i is starlike, |X| = 3(n − 3), and for each i, j, n − 2 ≤ i < j ≤ n, the induced subgraph of KG(n, 2) on X i ∪ X j is a complete bipartite graph with a perfect matching deleted. The vertices in X should be distributed in n − 3 color classes F 1 , F 2 , . . . , F n−3 . Thus, there exists a color class, say F 1 , which contains at least three vertices of X .
Claim. There exists no k
Proof of claim. Assume to the contrary, and without loss of generality, that F 1 ∩ X ⊆ X n . Since F 1 is an independent set and |F 1 ∩ X | ≥ 3, F 1 is starlike with center n. Now, the 2(n − 3) = 2n − 6 vertices of X n−1 ∪ X n−2 should be distributed in the n − 4 color classes F 2 , F 3 , . . . , F n−3 . Hence, there exists a color class, say F 2 , which contains at least three vertices of X n−1 ∪ X n−2 . Since each vertex i(n − 1) in X n−1 is adjacent to all of the vertices in X n−2 except the vertex i(n − 2), the only possibility is
Without loss of generality, we can assume that
Similarly, this implies that F 2 is starlike with center n − 1. Now, for each i, 3 ≤ i ≤ n − 3, letF i := F i and also let
Thus, eachF i is an independent set in the Kneser graph KG(n, 2). This means that we have a proper (n − 3)-coloring of KG(n, 2), which is a contradiction. Thus, the claim is proved.
If |F 1 ∩ X k | ≥ 3 for some k, n − 2 ≤ k ≤ n, then F 1 is starlike with center k. Thus, F 1 ∩ X ⊆ X k , which is impossible by the above claim. If for some k, n−2 ≤ k ≤ n, |F 1 ∩X k | = 2, then there exist i and j, 1 ≤ i < j ≤ n−3, such that F 1 ∩X k = {ik, jk}. Since F 1 contains at least three vertices from X , F 1 is an independent set and every vertex in X \ X k is adjacent to at least one of the vertices ik or jk, we should have F 1 ∩ X ⊆ X k , which by claim is impossible. Therefore,
By renaming the symbols 1, 2, . . . , n − 3, if it is necessary, assume that F 1 ∩ X n = {1n}. Since F 1 is an independent set and the vertex 1n is adjacent to all of the vertices in X n−1 ∪ X n−2 except 1(n − 1) and 1(n − 2), we have
This implies that F 1 is starlike with center 1. Let
and for each 2 ≤ j ≤ n − 2, letF j := F j \F 1 . Note that,F 1 is starlike with center 1 and
. . ,F n−2 is a partition of the vertices of KG(n, 2) into independent sets and χ(KG(n, 2)) = n − 2, none of theF j 's is an empty set. Now, we can considerF 2 ,F 3 , . . . ,F n−2 as a proper (n − 3)-coloring of the Kneser graph KG(n − 1, 2) with vertex set 
[n]\{1} 2 
. By the induction hypothesis, exactly one of these color classes is triangular, which isF n−2 , and by renamingF j 's, if it is necessary, eachF j is a starlike independent set with center j, 2 ≤ j ≤ n − 3. Moreover, by the induction hypothesis, we have
Thus, each F j is a starlike independent set with center j. Using the induction hypothesis, it is easy to see that the condition (c) also holds.
By Theorem 1, every optimal proper coloring of KG(n, 2) has a unique triangular color class. This set uses exactly three symbols from the set [n] which can be chosen in  n 3  different ways. If we choose this triangular set, then the colors of 3(n − 3) vertices will be determined. Now, the remaining  n 2  − 3 − 3(n − 3) vertices should be distributed among n − 3 starlike color classes and each of them has two choices for their color. Accordingly, we have the following corollary. Now, we are ready to determine the exact value of the locating chromatic number of KG(n, 2).
Theorem 2. For all positive integers n
Proof. By Theorem C, the diameter of KG(n, 2) is two. First, we show that χ L (KG(n, 2)) ≥ n − 1. Since
it is sufficient to show that no proper (n − 2)-coloring of KG(n, 2) is a locating coloring. Let c be a proper (n − 2)-coloring of KG(n, 2). By the same notations and assumptions as in Theorem 1, assume that F 1 , F 2 , . . . , F n−2 are its color classes and let  = (F 1 , . . . , F n−2 ) be an ordered partition of the vertex set into the resulting color classes. Now, since d(1n, (n − 1)(n − 2)) = d(1(n − 1), (n − 2)n) = 1, and for each j, 0, 1, 1, . . . , 1) . Thus, c is not a locating coloring. Now, to complete the proof, we provide a locating (n − 1)-coloring of KG(n, 2). Let
and for each i, Since d(1(n − 1), C 1 ) = 2 and d((n − 1)n, C 1 ) = 1, this holds for the color class C n−1 . This also holds for the color class C n−2 ,
Now, consider color class C i , 1 ≤ i ≤ n − 3, and let ij and ik be two distinct vertices in C i with j < k. We know that
The locating chromatic number of KG(n, k)
In this section, we give an upper bound for the locating chromatic number of some class of Kneser graphs. Note that, an independent set in KG(n, k) is called starlike with center j, whenever j is the unique common symbol of every two vertices in it.
Theorem 3. Let n, k be two positive integers, where k
Proof. Since n ≥ k 2 and k ≥ 3, by Theorem C, the diameter of KG(n, k) is two. To prove the theorem, it is enough to provide a locating (n − 1)-coloring for KG(n, k). For this purpose, we first construct a family {F 2 , F 3 , . . . , (a) Each F j is starlike with center j which contains exactly k +1 vertices, and for each two distinct vertices ] \ {2} into k + 1 subsets, each of size k − 1. Note that this can be done in
different ways which is strictly greater than one, since k > 2. Now, let
In fact, F 2 is an independent subset of the vertex set
is a vertex with 2 ̸ ∈ A, then it is adjacent to at least one vertex in F 2 , thus d(A, F 2 ) = 1. In an inductive way, suppose that ] \ (U j ∪ {i + 1}) into k subsets of size k − 1, which is
. This implies that, at most
] \ {i + 1} into k + 1 subsets of size k − 1, have some U j as a partition part. Now we consider the ratio between the number of all possible partitions and the number of partitions containing some U j as a partition part.
Since k ≥ 4,
and this inequality using the inequality i ] \ {i + 1} such that none of them is equal to some U j , 1 ≤ j ≤ i. Now, let
Note that, F i+1 is starlike of size k + 1 with center i + 1, and F i+1 ∩ F j = ∅ for each j, 2 ≤ j ≤ i. In a similar way, we can construct
From the above construction, it can be seen that, each F j is starlike of size k + 1 with center j. Also, every two vertices in F j have j as their unique common symbol and hence, F j uses exactly 1 Now, for each l, 2 ≤ l ≤ n, we define the setF l as
Thus, each non-emptyF l is starlike with center l. By letting 
Since these two vertices are distinct, we can assume that Table 1 A locating 6-coloring of KG (7, 3) .
Without loss of generality, assume that i
By the properties of the family {F 2 , F 3 , . . . , F n }, it can be seen that
The following result gives almost tight and good upper and lower bounds for the locating chromatic number of Proof. Since the chromatic number of the Kneser graph KG(n, 3) is n − 4, the lower bound follows. By Theorem 3, for n ≥ 9, we have χ L (KG(n, 3)) ≤ n − 1. For the cases n = 7 and n = 8, we have explicit locating (n − 1)-colorings. The color classes and the color codes of the vertices are illustrated in Tables 1 and 2 . In what follows, we present a lower bound for the locating chromatic number of odd graphs, which shows that the chromatic number and the locating chromatic number of odd graphs are far apart. Moreover, we give an upper bound for the metric dimension and accordingly for the locating chromatic number of odd graphs.
Proof. By a simple calculation, it can be seen that the lemma holds for k ∈ {4, 5, 6}. Obviously, for all k ≥ 7, we have
Moreover, for each j, 4 ≤ j ≤ k + 1, we have k+j k(j−1) 
Particularly, χ (KG(2k + 1, k)) < χ L (KG (2k + 1, k) ). Table 2 A locating 7-coloring of KG (8, 3) .
